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The experimental design and analysis of two-phase dynamic displacement experi- 
ments are investigated, with particular attention to incorporating measured saturation 
distributions. Pressure drops and saturation distributions measured with displacement 
experiments using multiple flow-rate injection rates can provide accurate estimates of 
relative permeability and capillary pressure functions over broad ranges of fluid satura- 
tions. Successful reconciliation of measured saturation distributions and pressure drops 
establishes an experimental validation of the Darcy model for two-phase flow in porous 
media. 

Introduction 

The mathematical modeling and simulation of the flow of 
fluids through porous media are important for designing and 
controlling a number of industrial processes, including the 
production of fluids from underground reservoirs and reme- 
diation of underground water resources. The simulation of 
fluid flow is typically carried out using constitutive and con- 
servation relations based on a macroscopic representation of 
porous media. In the macroscopic representation, the fluid 
states correspond to local volume averages and are continu- 
ous functions of position and time. The use of the macro- 
scopic scale eliminates the necessity of knowing the detailed, 
microscopic geometry of the media, information which is ba- 
sically unavailable. The properties of the media are effectiue 
properties, representing local volume averages, which are de- 
fined by the constitutive relations. 

The flow of multiple immiscible fluid phases through 
porous media has been essentially universally described by a 
Darcy equation and equation of continuity for each fluid 
phase: 
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The differences between the pressures of the two fluid phases 
are related by the capillary pressure 

and the saturations are related by 

cs, = 1 (4) 

The permeability of each fluid phase is typically represented 
as the product of the absolute permeability, as defined for 
single-phase flow, and the relative permeability of that phase 

Presumably, spatial dependence can largely be taken into ac- 
count with the absolute permeability, so that the relative per- 
meability functions may be taken to be uniform over a rela- 
tively larger region of the medium. 

Does the mathematical model represented by Eqs. 1-5, to- 
gether with boundary and initial conditions, provide a good 
description of multiphase flow in porous media? That is, for 
a porous medium, are there a set of properties so that the 
mathematical model accurately predicts the fluid states? In 
spite of the universality of the model, there are very few ex- 
perimental validations, and none that includes validation of 
fluid states within the porous medium. 
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The Darcy equation is well established for single-phase flow 
(Slattery, 1969; Whitaker, 1969, 1986a; Larson, 1981), 
notwithstanding the fact that the permeability may not be ac- 
curately resolved as a function of position with current exper- 
imental methods. Theoretical support exists for the extension 
of that constitutive equation to two-phase flow (see Slattery, 
1970; Larson, 1981; Whitaker, 1986b). Whitaker (1986b) de- 
veloped an expression that corresponds to Eq. I, but contains 
an additional term that reflects the viscous drag of one fluid 
upon the other. The relative significance of such a term is not 
known. Even if the Darcy equation is valid, the actual func- 
tional dependence of the relative permeab 
problem. The relative permeabilities are taken to be nonde- 
creasing, nonnegative monotonic functions of their own satu- 
ration that are equal to zero at irreducible saturations. How- 
ever, additional dependencies are expected, as the relative 
permeabilities do seem to depend on saturation history, cap- 
illary number, and viscosity ratio (see Odeh, 1959; Wilkinson, 
1984; Constantinides and Payatakes, 1996). Experimental 
methods to assess such effects, and databases to use to de- 
velop predictions of such effects on the relative permeability 
and/or capillary pressure properties, would be most desir- 
able. However, there are few, if any, definitive experimental 
studies. 

The primary reason for this seems to be that the conven- 
tional methods for determining relative permeabilities from 
laboratory experiments (Leverett, 1940; Johnson et al., 1959) 
often do not provide accurate estimates of relative perme- 
abilities. The main reasons for this are discussed in some de- 
tail in the “Analysis of Experimental Data” section. Most no- 
tably, the role of the model of the experiment 
in estimating relative s apparently was not rec- 
ognized until after the conventional methods were estab- 
lished (Archer and Wong, 1973; Sigmund and McCaffery, 
19791, and only recently have the suitability of various as- 
sumptions in the estimation processes been assessed (Kerig 
and Watson, 1986; Richmond and Watson, 1990). 

Our main objective is to develop methodology to deter- 
mine porous media properties with sufficient accuracy to 
generate useful databases. This will enable better under- 
standing and prediction of various physical effects on the rel- 

ties. It is recognized that, because the rela- 
es are effective properties which are defined 

within Darcy’s Law, that relation must be assumed in order 
to estimate those properties. Obviously, experimental confir- 
mation of that constitutive relation is highly desirable. Like 
any constitutive relation, Darcy’s Law cannot be proven ex- 
perimentally. However, evidence for the relation is estab- 
lished when predictions with Darcy’s Law are consistent with 
experimental observations. This issue is discussed in greater 
detail in the “Validation” section. 

The relatively recent developments in the use of CT scan- 
ning (Wellington and Vinegar, 1987; Withjack, 1988) and nu- 
clear magnetic resonance imaging (MRI) (Watson and Chang, 
1997) for probing porous media have provided exciting new 
opportunities for investigating multiphase flow in porous me- 
dia. Although the conventional methods for estimating rela- 
tive permeabilities are based on measurements outside the 
porous media, such as production and pressure drop, we now 
have the opportunity to use measurements of fluid states 
within samples to obtain more accurate estimates of relative 

2338 November 1998 

permeability. Furthermore, these m-situ data provide signifi- 
cant new opportunities for assessing mathematical models 
used to describe multiphase flow. 

In this paper, the use of measurements of saturation distri- 
butions for obtaining estimates of relative permeabilities and 
capillary pressure from laboratory experiments is explored. 
Since this methodology may prove valuable for routine deter- 
mination of those properties, we have investigated the actual 
design of the experiments and performed a study to assess 
the improvements in the accuracy of estimates of the proper- 
ties that may be obtained as compared to conventional exper- 
imental measurements. Then, we have evaluated the extent 
to which the mathematical model for two-phase flow de- 
scribes measured fluid states. 

Analysis of Experimental Data 
In this section we provide some background about the 

methodology used to estimate the porous media properties. 
We show the role of the mathematical model in the estima- 
tion process and provide some perspective on the conven- 
tional methods for determining relative permeabilities. We 
then discuss the validation of the mathematical model with 
experimental data. 

Estimation of properties 
The relative permeabilities are essentially defined within 

the Darcy equations, so they must be determined through 
solution of some inverse problem whereby functions of the 
state variables are observed during an experiment and the 
properties inferred through the mathematical model for the 
experiment. This is a particularly challenging inverse problem 
for several reasons. The mathematical model is a set of non- 
linear partial differential and algebraic equations for which 
closed-form solutions are generally not available. The prop- 
erties to be determined are functions of a state (dependent) 
variable, namely, saturation; they are taken to be smooth, 
monotonic, and nonnegative, but the functional representa- 
tions are otherwise unknown. 

Traditionally, two different methods have been used to es- 
timate the relative permeability. These two methods are based 
on certain simplifications of the Darcy model for which 
closed-form solutions can be obtained. 

The first method is the steady-state experiment, in which 
two fluid phases are injected simultaneously into the sample 
at a succession of different constant rates (Leverett, 1940). 
Measurements of the pressure drop and average saturation 
are made after a steady-state has been achieved at each rate. 
If it is assumed that the porous medium is spatially uniform, 
there are no capillary pressure effects, and fluids are incom- 
pressible, each Darcy equation can be integrated and the rel- 
ative permeability for each phase calculated and assigned to 
the value of the average saturation. 

The second method is the conventional dynamic displace- 
ment experiment, in which a single fluid is injected at  a con- 
stant flow rate into a sample initially saturated with the other 
fluid phase. The transient pressure drop and production are 
measured. With the same stated assumptions, closed-form so- 
lutions can be obtained for the transient pressure drop and 
production. Using estimates of the derivatives of the mea- 
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sured data, relative permeability values corresponding to sat- 
uration values at the exit face are calculated (Johnson et al., 
1959). 

These two methods suffer from a number of problems. They 
are explicit (or direct) methods in that the properties are di- 
rectly calculated from the measured data. Consequently, they 
only provide for calculation of relative permeability points, 
although estimates of the entire functions are desired. In the 
steady-state method, it can take a very long time to establish 
equilibrium, so determination of a sufficient number of rela- 
tive permeability values to specify the relative permeability 
functions is essentially out of the question. Furthermore, cap- 
illary pressure effects can lead to a distribution of saturation 
within the sample (Chang et al., 1997) so that significant er- 
rors can be expected when calculating relative permeabilities 
based on assumption of a uniform saturation (Nordtvedt et 
al., 1994). In the dynamic method, the calculation of the 
derivatives of data can introduce large errors in the estimates 
of relative permeability values (Tao and Watson, 1984). The 
relative permeabilities are calculated at the exit face, so only 
values corresponding to saturations above the shock satura- 
tion are obtained (Buckley and Leverett, 1942). This satura- 
tion range may be very narrow, and in a strongly wetting sys- 
tem, only end-point values may result. 

The most significant problem of both methods is that the 
analyses are based on very restrictive assumptions regarding 
the mathematical models of the experiments, assumptions 
which are never validated. The most serious objection is the 
neglect of capillary pressure (Sigmund and McCaffery, 1979; 
Richmond, 1988). Failure to account for capillary pressure 
effects in dynamic displacement experiments can lead to very 
large errors in the estimates, the magnitude of which is a 
function of the flow velocity (or capillary number) (Rich- 
mond, 1988). While some investigators have sought to elimi- 
nate capillary pressure effects by conducting dynamic dis- 
placement experiments at very high flow rates, capillary ef- 
fects are persistent, and can cause significant errors even 
when using flow velocities well beyond that corresponding to 
a frequently cited scaling criterion (Rapoport and Leas, 1953). 
Furthermore, there is no evidence that the relative perme- 
abilities determined under such conditions will resemble those 
corresponding to quasi-static displacements characteristic of 
reservoir flows, the conditions under which the relative per- 
meabilities are usually desired. 

The use of the conventional dynamic method in studies of 
relative permeabilities has likely led to a number of contra- 
dictory assessments of the effect of various process variables 
on relative permeability, and also certainly invalidates many 
experimental studies of two-phase flow. In a recent study, 
Chang et al. (1997) found large differences between conven- 
tional estimates obtained for dynamic experiments conducted 
at two different flow rates. They found some consistency be- 
tween the relative permeabilities obtained from conventional 
steady-state analysis and the dynamic experiment conducted 
at the higher flow rate. They also found that the one-dimen- 
sional saturation distributions measured for the lower rate 
dynamic experiment were fairly consistent with those corre- 
sponding to the higher flow rate when capillary pressure ef- 
fects were included in the simulation (pressure drop values 
were not compared). Such results are consistent with the ob- 
servation that capillary pressure effects, when not taken into 
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account in the estimation, can result in large errors in esti- 
mates of the relative permeability curves. Furthermore, it 
raises the question as to what differences there may actually 
be between “steady-state’’ and “unsteady-state” relative per- 
meabilities, if accurate estimates were obtained from the ex- 
perimental data. 

Several studies have reported effects of flow velocity, or 
capillary number (ratio of viscous-to-capillary forces) on the 
relative permeabilities (Amaefule and Handy, 1982; Fulcher 
et al., 1985). Surely little useful information can be expected 
about the effects of capillary number on relative permeabili- 
ties calculated with the conventional analysis of dynamic data 
since it does not account for capillary pressure effects at all. 
When the experimental studies that generated relative per- 
meabilities without reconciling capillary effects are dis- 
carded, there is little experimental information available to 
assess the Darcy model or functional dependencies on rela- 
tive permeabilities. 

Sigmund and McCaffery (1979) reported a method to esti- 
mate relative permeabilities that included capillary pressure 
effects. They obtained relative permeabilities by solving a pa- 
rameter estimation problem, whereby they determined pa- 
rameters within power-model representations of the relative 
permeability that minimized a sum of squared differences be- 
tween measured values of pressure drop and production and 
the corresponding values calculated using a one-dimensional, 
homogeneous representation of the Darcy model (Eqs. 1-5). 
However, the method is not reliable because the prior as- 
sumption of the functional representations can result in inac- 
curate estimates (Kerig and Watson, 1986). 

Watson et al. (1988) posed the problem as one of func- 
tional estimation, recognizing the mathematical model as an 
element in the estimation process that can be selected based 
on the experimental design, the representation of the porous 
media properties, and indeed, the chosen constitutive rela- 
tions. They developed a generalized, regression-based method 
for estimating the two-phase flow functions (relative perme- 
abilities and capillary pressure) that is directed to obtaining 
the most accurate estimates of the unknown functions from 
the available data, and is not limited by the form of the math- 
ematical model for the experiments, the experimental design, 
or by which unknown functions are to be determined. Its use 
has been explored with a wide variety of experimental scenar- 
ios (Richmond and Watson, 1990; Nordtvedt et al., 1993,1994; 
Mejia et al., 1995) and it has been extended to the estimation 
of three-phase flow functions (Mejia et al., 1996; Nordtvedt 
et al., 1996). This methodology is summarized in the follow- 
ing subsections. 

The mathematical representation of 
the experiments is a critical element in any inverse method. 
Any assessment of quality of estimates requires that the 
mathematical model be the “true”mode1. If it is evident that 
the model of the experiment is not the true model, the prop- 
erty estimates may have little resemblance to the actual prop- 
erties. Estimates obtained under such conditions, if pursued 
at all, should be called apparent properties, since they are a 
function of the estimation process and thus are not intrinsic 
properties. The model should basically be sufficiently com- 
plete so that all the important physical effects within the ex- 
periment are represented by that model. The assessment of 
the model is discussed in the “Validation” section. 

Mathematical Model. 
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The mathematical model used here is given by Eqs. 1-5. 
together with appropriate specifications for the boundary and 

lected order. The extended partition is specified by the num- 
ber and locations of k interior knots along with m knots at 

initial conditions, fluid properties, and any porous media 
properties that are not to  be estimated from the experiment. 
The fluid properties can be measured independently, and 
boundary conditions specified on the basis of the manner in 
which the experiment is conducted. The porous medium 
properties and initial fluid saturations present greater chal- 
lenges. 

One can assume these properties are uniform within the 
media and determine the average values of the properties 
independently, as done with the conventional estimation 
methods. The average porosity and permeability can be read- 
ily determined in experiments involving only a single saturat- 
ing fluid phase. With the regression-based method, informa- 
tion about spatial variations in those properties could be in- 
cluded, if known. For example, one can use imaging to deter- 
mine porosity and initial saturation distributions and include 
those within the mathematical model. Permeability distribu- 
tions cannot be accurately determined. A method to estimate 
permeability distributions from C T  data has been reported 
(Withjack et al., 1991). However, it is based on the represen- 
tation of the porous media as a bundle of uniform tubes, so 
the reliability of the estimates is doubtful. While we do antic- 
ipate further developments in the ability of imaging methods 
to provide reliable estimates of permeability distributions, we 
now take the permeability to be uniform and provided by the 
measured average value. Future studies could incorporate the 
estimates of permeability within the analysis when they are 
available (Mejia et al., 1995). For our experiments, we have 
chosen samples that appear to be relatively uniform. 

As mentioned previously, any spatial variations in the satu- 
ration-dependent relative permeability functions are pre- 
sumed to be much less than the absolute permeability. Zonal 
representations for these properties could be used and may 
be useful for experiments for which there are distinct changes 
in the properties, such as experiments on composite cores 
(Mejia et al., 1995). Here we assume that these flow func- 
tions are uniform within the medium (as done with conven- 
tional methods). 

The capillary pressure could be measured independently 
(Nordtvedt and Kolltveit, 1991; Leverett. 1941) and included 
in the mathematical model for the laboratory experiment. 
However, due to potential difficulties in replicating initial 
conditions and the inordinate length of experimental times 
required, it is most desirable to determine the capillary pres- 
sure and relative permeabilities simultaneously from the same 
experiment. 

Since ultimately a finite set of 
data is collected, the unknown functions must be represented 
with a finite number of parameters. While we expect the 
properties to be smooth functions of saturation, the actual 
form of the functions is not known. We use B-splines to rep- 
resent the properties, since they can represent any smooth 
function arbitrarily accurately (Schumaker, 1981 1. At the same 
time, they have many convenient computational features. 

B-splines are locally supported basis functions (they have 
the value zero beyond their region of support), the local sup- 
port being defined by the knot locations. Each basis function 
is defined over m + l  knots, where m is the order of the 
spline, and can be represented by a polynomial of the se- 

Functional Representations. 

either end of the domain. With a basis function belonging to 
each set of m + 1 contiguous knots, there will be m + k basis 
functions. For a selected partition, the spline function is 
specified by the m + k coefficients, each of which corre- 
sponds to a basis function. 

The property representations are given by 

(6) 

where is the extended partition, B y  is the j t h  B-spline, 
and C, is the corresponding coefficient. We select the ex- 
tended partition and the coefficients through solution of a 
sequence of parameter estimation problems, as discussed in 
the following subsection. 

Parameter Estimation. For a given B-spline representation 
(i.e., order m and extended partition y) ,  the properties are 
specified by the coefficient vector: 

p= [c: ...., c,;,,.c:, . ..,c,;,.,c;, . ..,c:L,] r .  ( 8 )  

Values for the coefficients are determined through solution 
of the parameter estimation problem represented by 

subject to the constraints 

+ 
Y,,;,, is the vector containing measured data. A variety of 
data can be used, including pressure drop, pLoduction, and 
saturations measured within the sample. yo,,( P is the vector 
containing the corresponding values calculated by numerical 
simulation of the displacement process using the mathemati- 
cal model of the displacement experiment. G is the matrix 
specifying the linear inequality constraints on the parameters 
to ensure monotonicity of the properties and nonnegativity 
for the relative permeabilities throughout the estimation 
process (Watson et al., 19881, and W is the weighting matrix 
chosen for maximum likelihood estimates of the parameters 
(Watson et al., 1990). A trust-region based, linear-inequality 
constrained, Levenberg-Marquardt algorithm is used to solve 
the parameter estimation problem. 

Suitable knot partitions are to  be selected for the B-splines. 
Several different methods have been used to  select the parti- 
tions in different experimental situations (Richmond and 
Watson, 1990; Nordtvedt e t  al., 19931, but the basic principles 
are the same. The goal is to eliminate significant bias errors, 
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while limiting unnecessary variance errors (Watson et al., 
1988; Kerig and Watson, 1986). This is accomplished by suc- 
cessively incrcasing the number of knots (and hence also in- 
creasing both the number of unknown parameters and the 
candidate solution space for the unknown functions) until the 
measured data have been adequately described through sim- 
ulation with the mathematical model and property estimates. 
This can be assessed through examination of residuals 
(Richmond and Watson, 1990; Watson et al., 19901, which 
are differences between the measured and calculated quanti- 
ties. Knots can be added to those regions of the properties 
that appear to be responsible for the greatest discrepancies 
between the measured and predicted data. One can also 
monitor successive reductions in the performance index as 
knots are added, and use as estimates those values corre- 
sponding to the point at which significant reductions in the 
performancc index cannot be obtained with modest increases 
in the number of parameters (Watson et  al., 1988). 

Validation 
Regardlcss of  the methodology used to estimate the rela- 

tive permeabilities, the estimates should be validated. A min- 
imal validation is to use the estimates together with the 
mathematical model of the experiment to simulate the exper- 
iment. If the simulation provides a reasonably accurate calcu- 
lation of the measured values, the elements of the estimation 
process, that is, the mathematical model and the estimates of 
the properties, are validated. This does not prove the results 
are correct, since there may be other sets of properties that 
could also provide accurate simulations. Still, it certainly pro- 
vides a measure of confidence. An unsatisfactory match 
means that onc of the elements of the estimation has failed, 
so the validity of the estimates must be questioned. 

Other, and more stringent, validations can be devised. For 
example, one could evaluate assumptions of the mathemati- 
cal model by using the more complete model for simulation, 
if those neglected physical effects can be estimated. The 
mathematical model can be further tested by comparing pre- 
dictions of measured fluid states with measurements that were 
not included in the estimation. 

The mathematical model of the experiment should be suf- 
ficiently accurate so that the differences between the ob- 
served and “true” values can be attributed to random errors. 
This is a most stringent test, but it is indeed what is necessary 
for an experimental demonstration of Darcy’s Law. This con- 
dition can be assessed with a residual analysis. The residuals 
-differences between measured and calculated values- 
should approach the level of the magnitude of the errors ex- 
pected with the measurement devices. Ideally, one would like 
a plot of the residuals with the calculated values to appear 
random, with a fairly uniform distribution (Draper and Smith, 
1981). Achieving this level of validation may require some 
careful examination, perhaps including effects due to the 
model being nonlinear in the parameters (Cook and Tsai, 
1985) and modeling of the measurement process, and cer- 
tainly requires careful attention to all the elements of the 
estimation process. 

To what extent have property estimates and mathematical 
models been validated? Estimates obtained using the regres- 
sion-based method (Watson et al., 1988) have been success- 
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fully validated through fairly precise simulation of experi- 
mental data in several cases (Richmond and Watson, 1990; 
Nordtvedt et al., 1993, 1994). We are not aware of any suc- 
cessful validations of conventional estimation methods. If 
capillary effects are included in the simulations with relative 
permeabilities obtained using conventional methods that ne- 
glect capillary effects, we expect that very few successful vali- 
dations would be obtained. On the other hand, there have 
been a number of publications where differences between 
simulated experiments and measured data greatly exceed the 
accuracy with which the measurements are made. In many 
cases, we believe these failures can be attributed to the esti- 
mation method used and thus d o  not provide for a real as- 
sessment of the mathematical model. 

The successful experimental validations have been based 
on data collected outside of the sample. Conventional experi- 
ments, for which a constant injection rate and only data mea- 
sured outside of the sample are used, may not provide esti- 
mates of the multiphase flow functions that are as accurate 
as one may desire. That is, the estimates may be consistent 
with the measured data, but if there is insufficient “informa- 
tion content” in those data, other estimates of the functions 
may also reconcile the data. This is discussed later in the 
Experimental Results and Discussion section. In such cases, 
it is likely that, while a number of different estimates may 
reconcile the data collected outside of the sample, those esti- 
mates may provide different predictions of fluid states within 
the sample. If such observations of the fluid states were avail- 
able, more accurate estimates of the functions could be ex- 
pected consistent with having further constraints on the esti- 
mates of the properties. Reconciliation of such data also pro- 
vides for a substantially more stringent test of the assump- 
tions made in the analysis of the data. 

Two previous applications using measured saturation val- 
ues to estimate properties have been reported (Mejia et al., 
1995; Chardaire-Riviere et al., 1992). However, neither study 
reported very good agreement between measured and pre- 
dicted values and therefore failed to validate the estimate 
process. Chardaire-Riviere et al. used power law and piece- 
wise linear functional representations of the relative perme- 
abilities in their estimation method, which may result in sig- 
nificant estimation errors (Kerig and Watson, 1987; Kerig and 
Watson, 1986). The experimental situations studied by Mejia 
et al. were rather complicated, with significant sample het- 
erogeneity and perhaps unstable flows. Successful validations 
of fluid states within the media, together with conventional 
measurements outside the sample, are necessary to provide 
experimental validations of the Darcy model. 

Assessment of Experimental Design 
Since saturation information is not easily obtained, it is de- 

sirable to assess whether such additional measurements will 
significantly improve the accuracy of estimates of the proper- 
ties. This is best done using hypothetical (simulated) experi- 
ments. The accuracy with which the properties may be esti- 
mated for a given experimental scenario can be evaluated with 
a linearized covariance analysis (Kerig and Watson, 19871, as 
summarized in the Appendix. In this section we evaluate the 
improvements that may be attained in the accuracy of esti- 
mates when saturation profile measurements are included in 

Vol. 44, No. 11 2341 



addition to the conventional measurements of pressure drop 
and production. 

The analysis is carried out by specifying the experimental 
design (the manner in which the experiment is conducted, 
the mcasurernents to be taken and their accuracy) and the 
sample properties. The experimental design associated with 
the saturation measurements is based on the use of MRI 
(Chen et al., 1993, 1994; Kulkarni and Watson, 1997). MRI 
provides some significant advantages over the other tech- 
niques that have been used to monitor saturation. The entire 
sample is imaged, thus allowing for verification of material 
balances. The submillimeter resolution that is available pro- 
vides for an essentially continuous representation of the satu- 
ration distribution. MRI can also be used to determine the 
porosity distribution. 

Two different experimental scenarios are considered. In the 
first, the conventional constant injection rate experiment is 
used. In the second, we use multiple rates. In both scenarios, 
the experimental process is taken to be primary drainage, for 
which oil (denoted as phase 1) is to  be injected into a sample 
initially fully saturated with the aqueous phase. A constant 
pressure is maintained at the outlet end. We take the proper- 
ties to be uniform and neglect gravity so that only a single 
spatial dimension need be used in the mathematical model. 
With these simplifications to Eqs. 1 and 2, and after eliminat- 
ing the velocities, the model, together with initial and bound- 
ary conditions, is 

where the fluid saturation and pressures are related as fol- 
lows 

The initial conditions are 

where is the pressure maintained at the outlet end. 
The boundary conditions at the inlet, z = 0, are 

where q,ln is the injection rate of fluid phase 1 .  
The boundary conditions at  the outlet, z = L ,  are 

The boundary conditions implement the capillary end-effect 
discussed in Dullien (1992). The boundary conditions require 
that the phase pressures be continuous across the outlet face. 
This means that both fluid phases will flow across the outlet 
face only when the capillary pressure just outside the outlet 
face of  the core sample (taken here to be zero) and at the 
outlet face of the core sample arc equal. If the capillary pres- 
sures are unequal, only the non-wetting phase (the phase with 
the higher pressure) is able to flow across the outlet face. 

A fully implicit finite-difference method is used to  calcu- 
late pressures and saturations. The relative permeability and 
capillary pressure functions used are those specified as “true” 
in Figures 1-3, and other information associated with the 
specified properties, experiment, and simulation are tabu- 
lated in Table 1. 

In the first experimental scenario, a single injection rate is 
used with a flow velocity comparable to  those typically en- 
countered in underground reservoirs. In the second experi- 
mental scenario, a set of three constant rates are used, start- 
ing with the injection rate in the low-rate case, and then in- 
creasing successively. The values corresponding to measured 
quantities calculated with the “true” properties are shown in 
Figures 4-6. The variances of measurement errors in produc- 
tion, pressure drop, and saturation data in the single-rate ex- 
periment were taken to be 0.06 cm’, 1 kPa, and 0.004, re- 
spectively. In the multirate experiment they were taken to be 
the same, except for the last rate step, where they were taken 
as 0.15 cm’, 5 kPa, and 0.01, respectively, to  reflect the ex- 

1 
True - 

Single rate, conventional data 
Single rate, with saturation data 

Multirate, conventional data 
Multirate. with saturation data 

” 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Water Saturation 

intervals for different experimental designs. 
Figure 1. Oil-relative permeability and 95% confidence 
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Figure 2. Water-relative permeability and 95% confi- 
dence intervals for different experimental de- 
signs. 
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Figure 3. Capillary pressure and 95% confidence inter- 
vals for different experimental designs. 

pected increase in the errors with the larger values to be 
measured. 

The results of the covariance analysis are shown in Figures 
1-3, where 9S% confidence intervals for the estimated flow 
functions are shown for the two scenarios with and without 
saturation data. The conventional data include measure- 

Table 1. Simulation Details of Experiments Used in 
Covariance Analysis 

Water viscosity (cp) 
Oil viscosity (cp) 
Core length (cm) 
Core diameter (cm) 
Porosity (72') 
Absolute permeability (mD) 
Initial water saturation 
Injection rates (cm3/min) 

Water 
Oil (low rate case) 

(multirate case) 

1.0 
1.5 

10.0 
3.5 

30.0 
50.0 

1.0 

0.0 
0.1 
0.1, 0.5, 5.0 
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Figure 4. Water production data for the two experimen- 
tal designs used in the linearized covariance 
analysis. 

ments of production and pressure drop only. It should be 
noted that a water saturation of about 0.3 is reached at the 
end of the hypothetical single-rate experiment. The mea- 
sured data, therefore, contain information about the flow 
function only over a range of water saturation from 0.3-1.0. 
The confidence intervals for the single-rate experiments are 
finite only over that range. For the multirate hypothetical ex- 
periment, however, a lower water saturation is achieved and 
the confidence intervals are finite over a wider range of wa- 
ter saturation. 

Compared to the single-rate experimental case, more accu- 
rate estimates can be obtained by including saturation mea- 
surements or using multiple rates. The saturation data repre- 
sent additional information, so an improvement in the accu- 
racy is certainly expected. The large improvement obtained 
in the accuracy of estimates by using multiple injection rates 
with just conventional data is somewhat surprising. One ad- 
vantage of the multiple rates is that a greater range of satura- 
tion is accessed in the experiment, thus providing additional 

ultiple rate 
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- 

300 
400 1 
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Figure 5. Pressure drop data for the two experimental 
designs used in the linearized covariance 
analysis. 
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Figure 6. Water saturation profile data for the two ex- 
perimental designs used in the linearized co- 
variance analysis. 
In the single rate experiment, water saturation profiles arc 
measured at 20, 70, 100, 250, 550 and 950 min,  respectively. 
In the multirate experiment, they are additionally measured 
at 1450 min. 

information about the flow functions over a greater range. 
We expect that the changes in flow rates also increase the 
information content of the data by allowing the system to be 
observed under different levels of viscous-to-capillary forces. 
Certainly, the use of multiple injection rates is a very cost-ef- 
fective method for improving the accuracy of the estimates. 

The best accuracy is obtained with the inclusion of satura- 
tion data while using multiple injection rates. Most notably, 
the saturation data serve to improve the accuracy with which 
the wetting-phase relative permeabilities can be estimated 
(Figure 2). 

It should be emphasized that the confidence intervals are 
based on a linearized covariance analysis and must be consid- 
ered approximate. In particular, when they are large, little 
meaning should be attached to their shape. While the actual 
accuracy of the confidence intervals may not be great, they 
are most useful to  evaluate experimental designs by compari- 
son, as done here, or for indicating which regions of the 
properties might be relatively more accurately determined. 
The meaning of pinch-off points, which sometimes occur close 
to the lowest saturation values represented by the hypotheti- 
cal experiments, is not entirely clear. We did not find such 
pinch-off points to correlate in any way with knot locations 
and believe them to be an artifact caused by the explosion of 
the confidence interval beyond the saturations encountered 
in the experiment. 

Experimental Results and Discussion 

In this section, the estimation of flow functions from actual 
experiments using the two experimental scenarios presented 
in the previous section is demonstrated. Two-phase dynamic 
displacement experiments were conducted on Texas Cream 
limestone samples. Cylindrical samples were laterally sealed 
using epoxy (Stycast 2651) and mounted in plexiglass core- 
holders with O-rings to conduct the displacement experi- 
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Figure 7. Experimental setup for conducting displace- 
ment experiments and NMR imaging. 

ments. The apparatus is shown in Figure 7. All MRI mea- 
surements were conducted with a G E  2-Tesla CSI-I1 
imager/spectrometer with a 31-cm magnet bore and equipped 
with a 20 G/cm shielded gradient coil and a birdcage R F  coil. 
Either hexadecane or dodecane was used as the oleic phase 
and deuterium oxide (D,O) was used as the aqueous phase. 
Protons are imaged, so only thc oil phasc is observed. A 
known quantity of distilled water was used as a reference 
sample for signal intensity calibration purposes (Chen et al., 
1993, 1994). 

The experiments analyzed in this study are drainage cxper- 
iments, for which the sample is initially completely saturated 
with the aqueous phase. An image of the sample completely 
saturated with the observed fluid phase is desired for deter- 
mining saturation. Since the fluid in the initial state (D,O) is 
not being observed, the sample was initially completely satu- 
rated with pure water and an image taken. Thcn, the sample 
was dried, resaturated with D,O and the drainagc experi- 
ments conducted by injecting oil. Oil saturation can then be 
calculated by material balance for the proton species (Chen 
et al., 1993, 1994; Kulkarni and Watson, 1997). 

Single-rate experiment 
In the first experiment, oil was injected at a constant flow 

rate into a sample completely saturated with the aqueous 
phase and the pressure-drop and oil saturation profiles were 
measured until the steady state was attained. Hexadecane was 
used as the oleic phase and D,O was used as the aqueous 
phase. Water production was estimated using integrals of the 
oil saturation profiles with material balances. The sample and 
fluid properties and experimental conditions are shown in 
Table 2. 

The rock sample used in this work appears to be quite ho- 
mogeneous, as indicated by the porosity profile shown in Fig- 

Table 2. Core and Fluid Properties for the Single-Rate 
Primary Drainage Experiment 

Water viscosity (cp) 
Oil viscosity (cp) 
Core length (cm) 
Core diameter (cm) 
Porosity (Ti) 
Absolute permeability (mD) 
Initial water saturation 
Injection rates (crn3/min) 

Water 
Oil 

1.26 
3.34 
4.9 
1.5 

26.6 
10.2 
1.0 

0.0 
0.05 
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Figure 8. Porosity profile for sample used in single-rate 
primary drainage experiment. 

ure 8. The samc mathematical model discussed previously (see 
Eqs. 11-17) was used. The absolute permeability was taken 
to be uniform. The porosity variation was accounted for by 
assigning each grid block the average value of porosity ob- 
served over the block. Multidimensional simulation was used 
to confirm that gravity segregation is not significant and that 
one-dimensional simulation of flow is adequate. 

The pressure drop, saturation profile, and water produc- 
tion data were used in the regression-based approach to 
estimate the relative permeability and capillary pressure 
functions. The production data were not measured independ- 
ently, but were calculated with a material balance using 
integrated saturation distributions. Although it is not neces- 
sary to include the production in the performance index, since 
it does not represent independent information, it seemed to 
assist in attaining the global minimum. Starting with just one 
knot for the B-spline representation of each flow function, 
successive parameter estimation problems were solved with 
increasing numbers of knots. It was found that the perform- 
ance index did not significantly decrease when more knots 
were added beyond representations with seven interior knots 
each for the relative permeability and six interior knots for 
the capillary pressure representation. These representations 
were chosen as the final estimates. A total of 29 parameters 
were estimated in the final step of the regression-based ap- 
proach. 

The measured pressure drop, saturation, and water pro- 
duction, along with values calculated using the mathematical 
model of the experiment with the properties estimates, are 
shown in Figures 9-1 1. The estimated flow functions, along 
with 95Oh confidence intervals, are shown in Figures 12 and 
13. An assumption in computing the confidence intervals is 
that the model is the ‘‘true’’ model which, as discussed in the 
“Validation” section, may not so easily be established. The 
confidence intervals are useful here as indications of the rela- 
tive degree of information that is available from the data for 
estimating different regions of the properties. From Figure 
11, it is apparent that a water saturation of 0.4 is reached at 
the end of the experiment. Consequently the flow functions 
cannot be reliably estimated for water saturations below that 
value. The agreement between estimated and measured pro- 
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Figure 9. Calculated and measured water production 
data in single-rate primary drainage experi- 
ment. 

~ 

duction and pressure drop data is quite good. The largest 
deviations in the calculated and measured pressure-drop val- 
ues occur before breakthrough. This could be indicative of 
some variations in the permeability distributions (Watson et 
a!., 1985). The estimated saturation profiles agree quite well 
with the measured saturation, except for the saturations near 
the inlet face corresponding to the last saturation profile (229 
min). Note that there is little information about the proper- 
ties corresponding to saturation values less than 0.5 anyway 
since there are relatively few data with saturations in that 
range. 

Clearly, the saturation data are not reproduced as pre- 
cisely as the pressure drop and production. There are several 
reasons for this. Saturation is not measured as accurately as 
the pressure. We anticipate that the saturations are accurate 
to about 596, while the pressure may be accurate to 1%. This 
relative accuracy is reflected in the weights used in the per- 
formance index. Reconciliation of saturation, however, is 
much more challenging because it represents point informa- 
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Figure 10. Calculated and measured pressure-drop data 
in single-rate primary drainage experiment. 
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Figure 11. Calculated and measured water saturation 
profiles for single-rate primary drainage ex- 
periment. 
Starting from the upper left, profiles correspond to times 
4, 9, 19, 29, 39, 49, and 229 min. 

tion, whereas the pressure drop and production (the only data 
used in conventional experiments) represent integrated infor- 
mation. With integrated data, the local variations tend to be 
averaged. Another issue is that variations in the porosity (ex- 
cept for axial variations) and permeability are not taken into 
account. These variations may cause deviations in saturation 
that are not resolved with the current model of the experi- 
ment. 

Figures 12 and 13 show that the confidence intervals for 
the estimated functions are relatively broad, indicating that 
the single-rate experimental design does not appear to be 
sufficient for accurate determination of the flow functions. 
The interplay between imposed constraints (monotonic in- 
creasing and k,&) = 1.0) and relatively low information con- 
tent (indicated by the large confidence intervals) may be re- 
sponsible for the unusual shape of the water relative perme- 
ability curve. Given the large confidence intervals, there may 

Estimated 
i 95% confidence intewal 
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Figure 12. Estimated relative permeability and 95% con- 
fidence interval for single-rate primary 
drainage experiment. 

100 
Estimated - 

95% confidence interval 

" 
0.5 0.6 0.7 0.8 0.9 1 

Water Saturation 

Figure 13. Estimated capillary pressure and 95% confi- 
dence interval for single-rate primary 
drainage experiment. 

be other curves, more conventional in appearance, that could 
also reconcile the data. The estimated flow functions do rec- 
oncile all the data reasonably well, indicating that the prop- 
erty estimates are consistent with the measured data. The 
widths of the confidence intervals in this case are larger than 
those shown in Assessment of Experimental Design due to the 
lesser accuracy assumed for the pressure measurements and 
sparser production and pressure drop data. 

Multirate experiment 
A multirate primary drainage experiment was performed 

on a second Texas Cream limestone sample. Dodecane was 
used as the oleic phase and D,O was used as the aqueous 
phase. Pressure-drop and oil saturation profiles were moni- 
tored during the displacement. The water production data 
were computed by integrating the oil saturation profiles and 
material balance about the initial state. Starting with a small 
oil injection rate, the oil injection rate was incremented in 
two steps. A water saturation of 0.16 was observed at the end 
of the last rate step. The details of the sample and fluid 
properties used in the experiment are provided in Table 3. 
The porosity profile for the rock sample is shown in Figure 
14. As for the single-rate case, the simulations account for 
the porosity heterogeneity by assigning each grid block a dis- 
tinct porosity calculated from the porosity profile. 

The analysis was conducted somewhat differently than the 
previous experiment so that we could further evaluate the 

Table 3. Core and Fluid Properties for the Multirate 
Primary Drainage Experiment 

Water viscosity (cP) 1.26 
Oil viscosity (cP) 2.08 
Core length (cm) 3.86 
Core diameter (cm) 2.5 
Porosity (%) 24.08 
Absolute permeability (mD) 25.74 
Initial water saturation 1 .o 
Injection rates (cm3/hr) 

Water 0.0 
Oil 0.06, 0.33, 2.0 
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Figure 14. Porosity profile for sample used in multirate 
primary drainage experiment. 

model of the experiment. The calculated production and sev- 
eral saturation profiles were not used in the estimation so 
that predictions of the model could be tested. Starting with a 
single knot in each representation, it was found that the per- 
formance index did not decrease significantly beyond a repre- 
sentation with seven interior knots in the water relative per- 
meability representation, eight interior knots in the oil rela- 
tive permeability representation, and 10 interior knots in the 
capillary pressure representation. A total of 32 parameters 
were estimated in this final step of the regression-based ap- 
proach. 

The measured pressure drop and saturation, and values 
calculated using the estimated properties, are shown in Fig- 
ures 15 and 16. The estimated flow functions and the 95% 
confidence intervals are shown in Figures 17 and 18. Note 
how estimates are obtained over a much broader range than 
for the single-rate experiment. The confidence intervals indi- 
cate that the oil relative permeability and capillary pressure 
are accurately estimated over the entire range of saturation 
accessed in the experiment, as is the water relative perme- 
ability for the majority of the saturation range. 
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Figure 15. Calculated and measured pressure-drop data 
in multirate primary drainage experiment. 
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Figure 16. Calculated and measured water saturation 
profiles for multirate primary drainage exper- 
iment. 
Starting from the upper left, profiles correspond to times 
12, 22, 238, 500 and 696 min. 

Again, there is excellent agreement between calculated and 
measured pressure-drop values. For the most part, the satu- 
ration data are reconciled reasonably well. The dip in the 
saturation values in the center of the sample is an artifact of 
the analysis of NMR data. 

The saturations greater than S, = 0.9 in the first profile 
were not so well reconciled. A similar feature was seen in 
one of the profiles in the first experiment (see the profile 
corresponding to 39 min in Figure 11). This may be due to 
the relatively low density of data in that region. The satura- 
tion profile corresponding to 22 min is not accurately recon- 
ciled in the vicinity of the outlet of the sample. Close inspec- 
tion shows that the differences between measured and calcu- 
lated values right next to the outlet for the last two profiles 
are relatively large, and for all the profiles after break- 
through, the measured saturation distributions are not as 
steep as the calculated distributions. The standard boundary 
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Figure 17. Estimated relative permeability functions and 
95% confidence intervals for multirate drain- 
age experiments. 
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Figure 18. Estimated capillary pressure and 95% confi- 
dence interval for multirate primary drainage 
experiment. 

conditions call for the saturation at the outlet to remain at  
the value corresponding to zero capillary pressure even after 
breakthrough of the injected fluid. The saturation that might 
correspond to the outlet face appears to be decreasing with 
time. The reason for the discrepancy may be due to a buildup 
of the displacing phase in the small gap (less than 0.5 mm) 
between the plexiglass end plate and the core sample end- 
face causing a nonzero capillary just outside the core sample 
endface. The amount of buildup will change with time, caus- 
ing the capillary pressure just outside the core sample end- 
face to change with time, which is not represented in the 
model. 

Consider now the prediction of saturation data and pro- 
duction, which were not used as part of the estimation 
process. The measured production, which was calculated with 
a material balance and integrated saturation distributions, is 
shown with production calculated with the model and prop- 
erty estimates in Figure 19. The agkeement indicates that the 
averages of the saturation distributkons are indeed accurately 
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Figure 19. Predicted and measured water production 
data in multirate primary drainage 
experiment. 
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Figure 20. Predicted and measured saturation data in 
multirate primary drainage experiment. 
Starting from the upper left profile5 correspond to time\ 
17. 46. 168 280, 421, 562, 596, and 647 min 

determined. The predictions of the saturation profiles are 
shown together with saturation measurements in Figure 20. 
The predictions describe the shape of the measured distribu- 
tions, and their changes with time, quite well. The regions 
that are not accurately predicted-the values of saturation 
greater than S,. = 0.9 and the saturation values near the out- 
let-are the same regions that had the largest deviations be- 
tween the measured and calculated values (see Figure 16). 

Figures 21 shows the plot of scaled residuals versus scaled 
calculated values. The scaled values are obtained using the 
relation = u/yu, where u is the calculated value and x, 
is the estimated standard deviation of the error in measure- 
ments of u. If y,, were the true value of the standard devia- 
tion, measurement errors corresponding to the scaled values 
would be identically distributed (assuming independent, ran- 
dom errors). The pressure residuals fall into three groups, 
which correspond to the different rates. The values corre- 
sponding to  the largest pressures seem to be randomly dis- 
tributed, with no clear pattern. Patterns are observed for the 
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Figure 21. Residual plot corresponding to final 
estimates. 
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lower prexsure and the saturations. The largest residual cor- 
responds to the very first pressure measurement, and several 
of the larger saturation residuals correspond to locations next 
to the outlet face of the sample. For the most part, the mag- 
nitudes are reasonable. 

The patterns observed in the residuals suggest that not all 
the assumptions of the analysis have been met. Several possi- 
ble reasons for this have been discussed, most notably a pos- 
sible deficiency in the boundary condition, and variations in 
the absolute permeability distributions. Such patterns could 
also be the result of assumptions of the measurement errors 
(here, that the error for each type of measurement is inde- 
pendent and identically distributed) not holding. 

The analyses of the two experiments provide a measure of 
validation for the Darcy equation. For the first time, we find 
that there are estimates of the properties that provide for 
simulation of measured values that meet or approach the level 
of accuracy with which the saturation distributions and pres- 
sure drops can be measured. Further improvements in the 
accuracy of the estimates, and more critical assessments of 
the mathematical model, can be made when methods are de- 
vised for reliable determination of the permeability distribu- 
tion, and a greater consistency is obtained between the labo- 
ratory experiment and outlet boundary conditions. Further 
analysis and modeling of the measurement processes are also 
desired for the purposes of statistical testing. In order to gen- 
erate reliable databases from which to improve our under- 
standing of multiphase flow, every estimate of multiphase flow 
properties should be carefully assessed and validated, as has 
been done here. 

Summary 
The experimental design and analysis of two-phase dy- 

namic displacement experiments were investigated. Conven- 
tional methods for obtaining relative permeabilities from 
two-phase experiments may not provide reliable estimates due 
to failure to account for capillary effects in the experiment. 
Experimental designs that include either saturation profile 
measurements or multiple fluid-injection rates can provide 
substantially more accurate estimates of relative permeability 
than conventional experimental methods and analyses. When 
used together, accurate estimates of relative permeability and 
capillary pressure functions can be obtained over broad 
ranges of fluid saturations. 

Methodology for validating experiments was presented and 
demonstrated. Validation is a necessary element for obtain- 
ing reliable estimates of relative permeability functions. 

Saturation distributions and pressure drop measurements 
obtained in the laboratory were successfully reconciled with 
simulations of the experiment to a level approaching the ac- 
curacy of the measurements. Calculated predictions of pro- 
duction and saturation distributions were consistent with 
measured values of production and saturation that were not 
used in the estimation values. These exercises provide an ex- 
perimental validation of the Darcy model for two-phase flow 
that has not previously been achieved. 
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Notation 
B = B-spline basis function 
D =sensitivity matrix of flow functions 
g’ = gravity 
J =objective function 

k ,  =relative permeability 
N =number of parameters 
P =covariance matrix of parameters 
t =time 
Z=  filtration velocity 
?=covariance matrix of flow functions 
p =parameter vector 

p,,, =constraint vector 
p =viscosity 
4 = porosity 
p =density 
x =covariance matrix of measurement errors 

Subscripts and superscripts 
c =capillary 

nw =nonwetting 
r =relative 
T =transposed 
w =wetting 
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Appendix 
Kerig and Watson (1986) developed methodology for de- 

termining the accuracy of estimates for properties that are 
functions of the state (or dependent) quantities. The main 
features of that method are summarized here. 

The method utilizes the well-known linearized covariance 
analysis (Rosenbrock and Storey, 1966; Bard, 1974) for calcu- 
lating _confidence intervals when a set of unknown parame- 
ters, p, is to be estimated by minimization of the objective 
function given by Eq. 9. If the measurement errors are dis- 
tributed normally with zero mean and covariance X such that 
W = X-’, errors in parameter estimates are distributed nor- 
mally with zero mean and covariance P such that 

P = ( A T X - ’ A ) - ’  (A1 1 
where A is the matrix of sensitivity coefficients, the (i, j)th 
element of which is 

Information regarding the accuracy of estimates of the flow 
functions is provided by the covariance matrix of errors in the 
estimates of the flow functions at any specified value of satu- 
ration, which is given by 

v =  D ~ P D  (A31 

where the (i, j)th element of matrix D is the sensitivity of 
flow function i to parameter pj at the specified saturation. 
The pointwise confidence intervals are determined using the 
matrix V at each saturation point and calculating the confi- 
dence interval at the specified saturation by 

where f,, is the value at upper and lower confidence inter- 
vals around the ith flow function f, at the specified satura- 
tion, a determines the level of confidence, z ( l + a p  is found 
from the table of standard normal distribution, and vl is the 
ith diagonal element of matrix V .  

There are some important assumptions. The linearized co- 
variance analysis is based on the assumption that the model 
can be suitably represented as a linear function in thc vicinity 
of the minimum. Also, it is assumed that the relative perme- 
ability and capillary pressure representations are the true 
functions. To satisfy this, we try to use sufficiently large de- 
grees of freedom so that the splines that represent the prop- 
erties are able to represent any reasonable flow function. It 
should also be noted that when computed confidence inter- 
vals are large, details associated with the regions may not be 
very meaningful (Rosenbrock and Storey, 1966). 
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